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Properties of metals

All metals share common properties
— excellent electrical conductors
— excellent thermal conductors
— shiny when polished

All due to the free electrons of the metallic bond

Outline

Classical (Drude) theory of metals
— successes and limitations of the classical model

Sommerfeld theory of metals
— quantum statistics and semi-classical model

Metals in the periodic table
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Z,= atomic number
e = electron charge

Z=valence electrons
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Electron density

* We need to know how many electrons n we have per volume (n=el/cm3) in a metal

— we have Z electrons per atom (valence electrons el/atom)
— we have N, atoms per mol (Avogadro number 6.023x1023 atoms/mol)
— we have A grams per mol (atomic weight g/mol)

— we have p,, grams per unit volume (mass density g/cm3)  ¥rEE FLECTRON DENSITIES OF SELECTED METALLIC FLE-

MENTS®
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Electron motion in the Drude model

In the Drude model the electron scatter form the ionic cores
— however, from what we know now, is this picture correct?
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Not really, we now know that:
— electrons do not scatter from the ionic cores
— they only scatter on impurities, defects, phonons, etc
In a more general picture, we define the relaxation time t
— Tis the average time between scattering events
— Tdepends on temperature, defects, impurities, etc.
— we will use T as a parameter

— typical order of magnitude for T 10" sec




DC electrical conductivity of a metal

Electron relaxation times

We can now estimate t from DC resistivity measurements

. , 3

We start with Ohm’slaw V' =R-I m 0.22 7, 14

T=—; r=| —— | = | x107" sec
generally ne’p pluQcem] \ a,
V=E-L E J
L =p- ELECTRICAL RESISTIVITIES OF SELECTED ELEMENTS* 1Qcm
areah R=p— VE=p-J E electric field (V/em) LUTLL I '2'?'”{ _1?'1 U (P/Thyrsy  PRUDERELANATION TIMES IN UNITS OF 10 4 SECOND:
/ A Jcurrent density  (A/cm?) : - i Wi x ELEMENT 71K 23K 37K
length b I=J-4 p electric resistivity (Qcm) Li 104 855 124 106 Li 3 088 06l
Na 08 a2 Melted Ny 17 32
K 1.38 6l Melted K 18 4.1
Rb 22 10 Melted Rb 14 28
_ : __ ; Cs 45 188 Melted Cs 6 24
the current density depends on the electron flow J = —nev (v the average velocity) e o2 156 iy 105 it it o o
Ag 0.3 1.51 213 1.03 Ag 20 40 a8
A 05 204 284 102 Al 2
— the acceleration from the field a=—eE/m ucu 28 53 1.39 H:‘ = :I :r E‘l_:v
Mg 0.62 39 56 108 Mg 6.1 11 0.74
Ca 143 50 107 Ca 23 L5
— the average velocity is acceleration times average time between collisions v=—eE7/m Sr 7 n Sr 14 044
Ba 17 60 Ba 0.66 019
nezr Nb 30 152 19.2 092 Nb 2 0.42 0313
— and so the current density  J = E Fe 0.66 B9 14.7 121 Fe 12 034 01d
m In [B] 53 T8 1.04 in 24 049 034
o 16 68 d 24 0.56
Hg 58 Melted Melted Hg 071
Al 03 245 355 1.06 Al 65 0.80 0.55
Definition of electric conductivity = 275 136 Melted Ga 084 o7
n 18 80 12.1 111 In 17 038 0.25
2 m 3.7 15 28 LI mn 091 w2 015
ne't Sn 21 106 IS8 109 Sn 1 023 015
J=0ok oc=—=—— (1/ Qcm or Siemens/cm) Pb 47 190 0 1.04 b s % digs
P m Bi s 107 136 Lor Bi 0072 0.023 0016
5b g ¥ b L1t Sb 027 0.055 0036
What is the average distance / traveled by electrons? » The electric field, and thus the driving force, oscillate with time
— the average electron momentum at time t t)y=mv(t
| = U, T U, average electronic speed € p( ) ( )
—  but what do we use for uy? — scattering events occur on the average every T seconds
— after a scattering event, the electron emerges with random velocity

Classical statistical mechanics, equipartition of energy: |
— at thermal equilibrium in temperature T, each degree of freedom carries energy of EkBT — tofirst order, at time t+dt the momentum will change by
— afree electron has 3 degrees of freedom (motion in the 3D space) d

t
N 1 , 3 the Boltzmann constant - (7]1)(0 due to electron scattering
— so total thermal kinetic energy Emuo = E kBT ky=1.38x102 m2Kgs2K-1
—eE(t)dt due to the electric force
— for T=300K, and m=9.11x103! Kg, we find U, = +/3k,T/m =107 cm/s
o B ) - dp@®) p()

— sothe evolution equation ——= = —=~~ eE(t)

— and relaxation length dt T

I=0,z~10"(22)x10 s =107 cm=14A L smaller than the  Time dependent solution
0 s interatomic distances!! —iat —iot

— for harmonic fields E(¢) = R(E(@w)e™") p@) =R(Pp(@)e™)

However, this is wrong! We know: —eE(w)r
— relaxation lengths are much larger — evolution equation becomes  —jwp(®) =—p(w)/ 7 —eE(w) p(w) = 71 -
— average velocities do not depend on temperature 1ot

2
_(ne’t/m) a(0)

Conclusion: we should not use classical statistics!

J(@) =—nep(w)/m J(o) Ew) o(w)=

l-iwt l-iwt




Thermal conductivity of a metal

metal Y\ / ) /t /
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high T

low T

¢ Electron motion and scattering cause conduction of heat
— after any scattering event, an electron emerges with kinetic energy g(Tx)

— n/2 electrons move from left to right with kinetic energy S(TH;T) in classical statistics
3
_ I &(T) == kT
— n/2 electrons move from right to left with kinetic energy S(THW) 2

—  the rate of electrons arriving at xis 770/ 2

1
— sothetotal heat flux j¢ = EnU[S(TX,W) —S(TXH)T)]

O¢ oT
— for ur small compared to the temperature variation scale [g(Tx_w) — g(TXH”)] ~———Dvur
oT ox
T
- andso j7= _nuzz_aii
oT ox

Thermal conductivity of a metal

metal ” __nuzrﬁial
\ Y or ox \
< l .ﬁ)t £ x+or & XI —

low T

high T

&
— but the change in energy with temperature is the thermal capacitance n—=c¢,

1
— also, in 3D the average velocity along direction x is Uf + Uj + UZZ = L)2 = sz = 7U2
1 3
- s0o j'=—=0w VT o [ =—xVT
3 v
. iy L,
— where we defined the thermal conductivity x =—v"7c, (W/cm-K)
3

— but what do we use for thermal capacitance?

e Again from classical statistical mechanics &(T) =%k3T

c‘,=n&=énk,3 lmu2=§kBT
or 2 2 2
2
— andso KzénkigTT
2 m

Wiedemann-Franz law

The ratio between thermal and electrical conductivities in metals is linear to temperature

2
3 nkyt
— thermal conductivity K = ————T EXPERIMENTAL THERMAL CONDUCTIVITIES AND LORENZ NUMBERS
m OF SELECTED METALS
. MK
2 KiaT
. » ner ELEMENT K i g r-. H ; N
— electrical conductivity o = n-K) (wattjern-K)  (watt-ohm/K)
L 073 243 x 107%
Na
K
Eb
o Cu g 2%
— Lorentz number (independent of T) ,\\u 47 238
Au n 3.1 236
2 B 236 17 242
K 3 k -8 2 ; 214 15 235
—==|-Z =1.11x10"° WQ/K .\: 250 0.54 278
ol 2 e Fe 261 0.7 258
Zn 228 L1 230
L) 249 .o
A 214 210 219
H H . 258 0.80 2.60
Excellent agreement with experiment! N 275 045 275
Se 248 0.60 254
— but are we finished?? " 264 03s 253
B 353 0.08 135
b 257 017 269

What we know from experiment:
in our classical treatment,

— average velocities are actually much larger (by ~10)
these two cancel each other!

K==V,
— average heat capacity is actually much smaller (by ~100) 3

Once again, we should not use classical statistics!!

Classical electron statistics

e Classical: Maxwell-Boltzmann distribution
— the probability to find an electron with velocity u when the temperature is T

Sug(0) = CMBneig/kHT

3/2
_ 1 2 _ _ 21 m
£=—mv k300K =0.025eV=4x10""1J Cus =| ——
2 27k, T
in our simple metal, electrons thermal energy at normalization
have only kinetic energy room temperature constant

e The distribution satisfies the charge conservation

[ fus(@)dv=n
0
—  how do we treat dv ?

— itis a differential over speed and solid angle. In isotropic case (all angles are the same):
2
dv=4nv-dv

— sothe number of electrons .

4”IfMB(U)Usz =n




Quantum electron statistics

(Sommerfeld theory of metals)
Quantum: Fermi-Dirac distribution

the probability to find an electron with velocity v when the temperature is T

1
Srp(@)=Cpp =
e +1
1 m/h)’
g:gmuz u CFD:(4 3)
T
in our simple metal, electrons chemical normalization
have only kinetic energy potential constant

the total number of electrons is found

®
. 5 _ when n is known, we use this to
4”I-ff‘D (U)U dv=n find the chemical potential u
0

The Fermi-Dirac distribution comes from the Pauli exclusion principle:
— two electrons of opposite spin can occupy one level

no two electrons can have identical states

Comparison of electron statistics

The quantum distribution is very different from the classical due to Pauli exclusion

l : T T T T T Q T T T T
10 (I Sep(0)=Cpp/(e™ +1)
N “oa|r=0k ]
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= [
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g 04f % h .
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Ground state of the free electron gas

But what are the states to be filled by the electron gas?
— is there an equation satisfied by the electrons?

Schrodinger equation: Laplacian
n oo s
——Vy(r)=ep(r) Vie bt
2m ot oyt oz’

as any wave solution, we need a boundary condition

assume a hypothetical cube of side L, and volume V=3

the electron wavefunctions are periodic at the cube edges (the cube periodically repeats itself)

solution
— normalization
y(x+L,y,2)=y(x,»,2) v (r) = —— ™ condition
v y+L,2)=y(x,0.2) W

ﬂ(//(r)‘zdr =1
y(x.y.z+L)=y(x,y,2) ok

P
ek)y=2—=—
&) 2m  2m

The electron gas properties should be independent of the choice of L
Sure, but what is k?

Ground state of the free electron gas

The proper k values are found from the boundary conditions
Y(x+L.y,2) =y(x,0,2) -
eyl =y V) =ze
w(x,y,z+L)=y(x,y,2)

the exponent is a vector product

kr=kx+k,y+kz

and so the boundary condition becomes

ei(/c‘(x+L)+k‘y+k:z) — e'k‘{erL]ei/(‘y

elt:r = eikv\xei/f;yeik:z
exk,xeik‘ (y+L)eik:z _ eikxxeikryeik:z
e!kxxeikv}eik:(z+L) — eik,xei’fyyeik:z

— with solution

et =1 kL=n2rm k.=n(2x/L)
S R N k,L=n2r \= k,=nQ2x/L)
et =1 k.L=n2rx

k,=n(2x/L)

The different wavefunctions correspond to different combinations of n,, n,, n,




Ground state of the free electron gas

We populate the ground state kyi
— two electrons (spin up and down) per energy level [ ] [ ] [ ] { ]
(n,,n,,n.)=(0,0,0)
(n,,n,,n.)=(10,0) [ ] [ o o [ ]

(n,,n,,n.)=(=1,0,0)

(1,,,.1,) = (0,,0) 3

(nn,,n.)=(0,-1,0)

(n,m,.n) = (1L0) SAiL
: e o o o o
— the periodicity of the k-point lattice is 2rt/L k,

— number of k-points is equal to number of electrons (~10%2 el/cm3)

The number of electrons determines the highest energy
— highest k-point: Fermi wavevector kF

— highest energy: Fermienergy &, = hzk; /2m

— highest velocity: Fermi velocity Uy, = bk, /m

Number of states for the free electron gas

Number of k-points that fit within the Fermi sphere (in k-space)
dnk;,

3
— volume occupied by each k-point (27[/[,)3

— volume within Fermi surface

— number of points (each k-point x2 due to spin)

443 I 3
Noa¥ B LNk
3 8rx V 3z
But n is known for each metal
7. 3 1/3
n= 7pm Z NA and 4727; E] l =7 = i
A 3 n " \4m
— so we define
Fermi wavevector Fermi energy Fermi velocity
. .1 4.2
kF:&ﬂ\'l F:LzeV UF:—()xlOgcm/s
r,/a, (r,/ay) r./a,

Fermi energies etc for various metals

ELEMENT  r,fag &f T ke Up
Li 325 474V 551 x 10°K 142 x 108cm™' 129 x 10® cm/sec
Na 393 M 3 092 1.07 .
K 4.86 212 246 0.75 0.86
Rb 5.20 1.E5 215 070 081
Cs 562 1.59 1.84 0.65 0.75
Cu 267 7.00 816 1.36 1.57
Ag 02 549 6.38 1.20 1.39
Au 301 5.53 6.42 1.2t 1.40
Be 1.87 143 16.6 1.94 225
Mg 266 708 823 136 158
Ca 317 469 544 L1l 128
Sr 357 393 4.57 .02 I.IE
Ba in 3164 41 0.98 1.13
~Nb 307 532 6.18 118 1.37
Fe 212 Il 130 1.7 1.98
Mn 214 109 127 170 1.96
Zn 2.30 947 1.0 1.58 1.83
Cd 259 147 868 1.40 1.62
Hg 2.65 713 8.29 1.37 158
Al 207 117 136 175 203
Ga 219 104 121 166 192
In 4 8.63 100 1.51 1.714
T 248 E15 946 146 1.69
Sn 222 102 118 1.64 190
Pb 230 947 11.0 1.58 1.83
Bi 225 9.90 1.5 161 187

Sb 214 109 12.7 L.70 196

Summing over the electron states

The number of states v
—> o

No2Y S 2SSk =] Rk

T 4r’

N dk
— number density of states p=—=|—— f(k
14 J. 471 UL

— forisotropic system, i.e. all directions are equivalent (as the free electron case) dk = 471k2dk

We can evaluate any quantity

E dk
— totalenergy u=—= ¢(k) f(k
= a0
kp 2 2272 275
— atzero temperature £: dmk Ik k = ! hkF Z%El.-ki-
S 47® 2m 107> m Sx

Average energy per electron

N _k}
use — =_F to get

E
Vo 3z N

3
56




Compressibility of electron gas

OE
Pressure exerted on electron gas: P=—( j
N

o
272
— energy of the electron gas £ - E‘C"F — E h kF
5 5 2m
3
— Fermi wavevector n= E = kF = k; — (37[2N)2/3 Y3
vV 3z

3 hz 2 2/37,-2/3 -2/3
- andso E=N=-—@3z"N)""V" =const-V
5 2m BULK MODULI IN 10'® DYNES/CM? FOR SOM
TYPICAL METALS®

E

FREE ELECTRON B

MEASURED B

Synopsis of the free electron Fermi-Dirac distribution

e The FD distribution for free electrons depends only on energy

— the energy is isotropic with k E(k) = hzkz /2m

1
— Fermi function f(k) = f(é‘(k)) = f(é‘) = W
e The distribution is the probability for a energy level to be occupied
— for7=0
f(e)=1 for e<e¢,

f(e)=0 for e>¢,

s P OE 2FE MEIN — for T=0 the chemical potential is the Fermi energy: [/ = & (but even at room temperature U = &y )
— SO pressure Is =— — = —_ a =
ov), 3V :fa “‘::;.‘ “55.42
P R 228 192 1| [=0K
e Bulk modulus: B=-V— « rry 143 T=300K \
6V Ag M5 9.9
__.‘?1 28 76.0 f | <> Ac~ kBT
~ but P=const-V=" = —V(0P/aV)=(5/3)P ‘\
10E (613 0
— sobulkmodulusis B=—— =|——| x 10" dynes/cmz u P
9V r,/a,
Application of the Fermi-Dirac distribution Thermal capacitance of free electron gas
e The number of electrons is determined by summing up the distribution
dk ) _(Ou
n :J‘Ff(g) * Energy change per change in temperature ¢, = or ),
—  but for isotropic distribution (free electrons) dk = 471k2dk — weapproximate 1
Au
Ank*dk 1 c,=— f Ae~k,T
[ 1@ =— [k AT ’
— use the free electron energy 0 p &
w2k 2me 2m 1m W om
&= ey =k = e = 2kdk = ?dg =dk= z?d&‘ =dk= 5 ?dé‘ — the number of electrons that change their energy is approximately ~ g(&,)k,T
me — and their energy change is approximately ~ kBT
1 (2mem n? d
n= ?J' s mf(‘(“) £ — sofor an order of magnitude estimate  Au ~ g(&,. )(kBT)2
Define the free electron density of states g(¢) = —"— | 2% A n kT
° erine e Tree electron density ot states = —
v R + Our estimate for the thermal capacitance ¢, = 2 2g(e)kiT =3—hk;T =3nk, =~
important relationships AT & &

— number of electrons 71 = Ig(é’)f(é’)dé’

mk .
g(gF) = hzﬂrz =

— total energy density of electrons U = J.S -g(e)f(e)de

at the Fermi level

3n

2¢&p

7’ k,T

— Thecorrectvalueis ¢, =—nk,
2

&




Thermal capacitance of free electron gas Other quantities in the Sommerfeld theory

— FREE ELECTRON MEASURED ¥ (,. /a )2
e Classical thermal capacitance FLEE (in 10~% cal-mole~1-K~%) ! * Mean free path l=v,t  or =) 9p R
\ Segsrii AT = pluQem]
Cc, == nkB Na 26 :,: —  with typical values of ~100 A EXPERIMENTAL THERMAL CONDUCTIVITIES AND LORENZ NUMBERS
2 K 40 5'5 yp OF SELECTED METALS
2: g 77 — electrons do not scatter on the ions! e T e TS
e Quantum thermal capacitance Cu 1.2 1.6 ELEMENT " KiaT K KiaT
1.6 (watt/em-K)  (wan-ohm/K?*)  (watt/em-K) watt-ochm/
5 Ag 1.5 o 1, 3 /K Kb hm/K?)
V.4 kBT Au 1.5 1.6 e Thermal conductivity & =—7UgC, L on 222 % 107" o 243 x 10°*
c, = —nkk Be 1.2 0.5 3 R Ma 138 212
K 1.0 223
2 Ep b_‘g 24 32 . 1 2 T k kBT Rb 06 242
Ca 36 6.5 - using —mMUp =&, C,=—_—NKg—— Cu 185 220 382 2
Sr 43 87 2 2 Ep Az 418 P11 417 238
. Ba 4.7 6.5 Au 31 232 3l 236
— alinear dependence on temperature 1 II6 2 Be 23 236 1.7 242
s g 214 L5 225
— inreality there is also the ionic contribution, so Fe 1.5 12 2 k2 \\‘: rl 23 290 0,54 278
40 : T nKg F 080 261 0.7 288
\ Mn L5 B - wefind K= 3 T b i 2% 1 230
€ =Vl + il e ¥ ' m ' ; i i
v = Ve Vion cd 23 L7 :'\‘II 23 214 230 219
Hg 24 50 I 088 25% 080 260
Al 22 30 e Lorentz number m 05 3:; g-;{ 2
g Sn e 2 60
Ga 24 1.5 2 2 Pb 038 164 035 253
2 In 29 43 T nkB Bi 008 183 0.08 135
r T 31 35 P - 5T 71'2 k 2 Sh 0Ig 257 017 260
¥ =0.169Z| | x10™* cal-mol” - K sn 33 i L3 m T %) _244x10" WOQK?
a, ;1_} - 5 ol ne'r . 3\ e
i . L.
Sh 19 ) I.S_ m

Summary

¢ Classical (Drude) theory of metals
— electrons scatter with relaxation time ©
— Classical statistical distribution of velocities
— Quantities that include the velocity or ¢, are not accurate:
¢ velocities are underestimated by an order of magnitude
¢ thermal capacity is overestimated by 2 orders of magnitude

e Sommerfeld theory of metals
— Pauli exclusion principle, velocities follow a Fermi-Dirac distribution
— Definition of Fermi quantities: energy, velocity etc of the last occupied state
— Quantities with velocity and ¢, are now accurate
« velocity to be used is the Fermi velocity
¢ only the electrons close to the Fermi energy can be thermally excited




